Abstract. In this paper we want to define the Kohnen plus space for Hilbert modular forms with a odd square-free level and a quadratic character by a representation-theoretic way. We will show that in the classical case the one we defined is the same with the one given by Kohnen. Also, we will interpret the actions of the Hecke operators on the new forms in the plus space and give a characterization for the new forms using Hecke operators. All the results with respect to Hecke operators can are comparable with the integral weight case.
Introduction
In 1980, Kohnen [9] introduced a special subspace of classical modular forms with half-integral weight in which the forms are characterized by the Fourier coefficients. Precisely, if a(n)e(nz) is such a form with weight k + 1/2, then a(n) = 0 unless (−1) k n ≡ 0 or 1 mod 4. If we only consider the cusp forms, then the corresponding subspace, denoted by S + k+1/2 (Γ 0 (4)), is actually an eigenspace of some Hecke operator with respect to some eigenvalue. An important result is that there exists an isomorphism between S + k+1/2 (Γ 0 (4)) and S 2k (Γ 0 (1)), the space of cusp forms with weight 2k, as Hecke modules.
Later, in 1982, Kohnen [10] generalized the plus space to the modular forms with level 4N and a quadratic character χ mod N, where N is a square-free odd integer. The restriction for the Fourier coefficients of a form in the plus space is now a(n) = 0 unless χ(−1)(−1) k n ≡ 0 or 1 mod 4. Denote the space by S + k+1/2 (Γ 0 (4N), χ). Kohnen showed that such a plus space is isomorphic to the plus space with trivial character, to which many questions can be reduced. Let the space of new forms in S with respect to the Petersson product. Here U(r 2 ) is the operator replacing the n-th Fourier coefficient of a modular form by its r 2 n-th one. Kohnen also showed that there exists a linear combination of the Shimura liftings which is a Hecke isomorphism from S +,NEW k+1/2 (Γ 0 (4N), χ) onto S NEW 2k (Γ 0 (N)). In this paper, we want to consider the Hilbert case. Let F be a totally real number field with ring of integers o and the different d 1 . We fix a square-free odd integral ideal I in o and a primitive quadratic character χ mod I with conductor (f) which is a principal ideal generated by some f ∈ o such that f | I. 1 , ad 1 ] for integral ideal a ⊂ o We aim to define the plus space S + k+1/2 (Γ 0 (4I), χ) using a representation-theoretic method. For simplicity, here we let k be parallel and take f so that it has sign (−1)
k . The non-trivial additive character ψ 1 = v≤∞ ψ 1,v on A/F is the unique one such that ψ 1,∞ (x) is equal to exp(2π √ −1x) for any infinite place ∞ of F and put ψ(x) = ψ 1 (fx).
Fix a finite place v of F and set ̟ v ∈ F v to be the uniformizer corresponding to v. An element in the metaplectic double covering Mp 2 (F v ) of SL 2 (F v ) has the form [g, ζ] where g ∈ SL 2 (F v ) and ζ ∈ {±1}. We let d = fd 1 , where Γ f = ⊗ ′ v<∞ Γ v and ε = v<∞ ε v . Each automorphic form in that space corresponds to exactly one Hilbert cusp form with respect to the congruence subgroup Γ 0 (4I) of SL 2 (F v ) with weight k + 1/2. The space consisting of all Hilbert cusp forms corresponding to the forms in A CUSP k+1/2 (SL 2 (F )\Mp 2 (A) Γ f ; ε) is denoted by S k+1/2 (Γ 0 (4I), χ f ). Since the global Hecke algebra H acts on A CUSP k+1/2 (SL 2 (F )\Mp 2 (A) Γ f ; ε) by the right translation ρ, it also acts on S k+1/2 (Γ 0 (4I), χ f ) equivalently. We call the E K -fixed subspace S k+1/2 (Γ 0 (4I), χ f ), which is denoted by S + k+1/2 (Γ 0 (4I), χ f ), the Kohnen plus space. Similar to the case F = Q, the plus space can be characterized by some properties of the Fourier coefficients of the forms in it. Theorem 1.1. The Kohnen plus space S + k+1/2 (Γ 0 (4I), χ f ) is the subspace of S k+1/2 (4Γ 0 (I), χ f ) which consists of the forms whose ξ-th Fourier coefficient vanishes unless there exists some λ ∈ o such that ξ − fλ 2 ∈ 4o.
The paper will focus on the new forms in the plus space. For a finite place v of F , any Hecke operator in H v of the form E 
The orthogonal complement of the old space with respect to the Petersson product is called the new space, denoted by S
Any cusp form in the new space is called a new form.
Given a finite place v of F, a cusp form f ∈ S + k+1/2 (Γ 0 (4I), χ f ) generates a representation ρ v of Mp 2 (F v ) via the right translation, that is, the space spanned by {ρ(g)f | g ∈ Mp 2 (F v )}. If ρ v is irreducible for all v < ∞, the cusp form f is called a primitive form. In that case, each ρ v is contained in some principal series representatioñ I ψv (s v ) where s v ∈ C. It is well-known that we can take a basis B of S +,NEW k+1/2 (Γ 0 (4I), χ f ) consisting of primitive forms, which are unique up to multiplication with non-zero complex numbers. If f ∈ B and v | I, the local representation ρ v is equivalent to a so-called Steinberg representation, twisted or non-twisted, which is a subrepresentation of I ψv (s v ) with some s v such that q 
respectively, where α ψv is the Weil index with respect to ψ v and δ v satisfies
Using these Hecke operators, we give a necessary and sufficient condition to determine if a primitive form is new. This result is inspired by a recent work from Baruch and Purkait [1] .
Then f is a new form if and only if
for any v dividing I.
The Hecke operator U 1,v is called the Atkin-Lehner involution. It has eigenvalues 1 and −1 on the plus space.
For any finite place v not dividing f, we may defined T 1,v in the same manner with the ones for v | f −1 I. The eigenvalue of E K v * T 1,v with respect to a new primitive form f can be calculated explicitly in a representation-theoretic way. Proposition 1.1. Fix a finite place v of F . Let f be a new primitive form such that the local representation of Mp 2 (F v ) generated by f is contained in the principal seriesĨ ψv (s v ) for some s v ∈ C. Then we have 
to be the space of Automorphic forms on PGL 2 (F )\PGL 2 (A)/ v<∞ K 0 (I v ). We will use Waldspurger's theory on Shimura correspondence to show the following theorem. (I v ) which generate a Steinberg representation at any place dividing I.
Weil representation
Let F be a local field with characteristic 0. If F is archimedean, we assume F = R. If F is a finite extension of Q p for some prime p, let o and p denote its ring of integers and maximal ideal, respectively. The order of the residue field o/p is denoted by q and fix a uniformizer ̟.
Let ψ : F → C × be a non-trivial additive unitary character. If F = R, we set ψ(x) = e(x) or e(−x). If F is non-archimedean, we denote the index of ψ, the largest integer c such that ψ(p −c ) = 1, by c ψ . We fix an element δ of order c ψ and let d = p c ψ . If F = R, we let δ = 1.
The metaplectic double covering of SL 2 (F ) is
where the binary operation is given by
The explicit formula for the 2-cocycle c is
where ( , ) is the quadratic Hilbert symbol and
otherwise.
For simplicity, we set
Also, in the calculations among Mp 2 (F ), we put [1, ζ] = ζ for ζ ∈ {±1} if there is no confusion. For any subset S of SL 2 (F ), we let S denote the inverse image of S in Mp 2 (F ). Let dy be the usual Lebesgue measure on F if F = R or the normalized Haar measure such that o has volumn 1 if F is non-archimedean. For any function φ in the Schwartz space S(F ) of F, its Fourier transform is defined byφ
Note that |δ| 1/2 dy forms the self-dual Haar measure for this Fourier transform.
For any a ∈ F × , it is known that, regardless of the choice of φ ∈ S(F ), there exists a constant α ψ (a) depending on a ∈ F × /(F × ) 2 satisfying (2.1)
It is called the Weil constant or Weil index. It is an eighth root of 1 and satisfies α ψ b (a) = α ψ (ba) for any b ∈ F × where ψ b (x) = ψ(bx). We also have α ψ (−a) = α ψ (a) and
Furthermore, by taking φ to be the characteristic function of o, one can see that α ψ (a) = 1 for a ∈ δo × if q is odd. 
Proof. See the proof of Lemma 1.1 in [8] .
Now let us define the Weil representation ω ψ . It is a representation of Mp 2 (F ) on S(F ) given by
From the definition, one can easily check if b = 0, then
The Weil representation ω ψ is unitary with respect to the inner product
Now suppose that F is non-archimedean. If b and c are two rational ideals in F such that bc ⊂ o, we define the congruence subgroup
and let
for any ξ ∈ o/{0}. The following lemma can be proved by a direct calculation.
Then there exists a geniune character ε : Γ 0 (4) → C × given by
One can easily check that
and if q is odd,
Thus we can write down the formula for the character explicitly. If q is odd, then Γ 0 (4) is perfect so there is a unique splitting s : Γ 0 (4) → Γ 0 (4). Now ε is given by ε([g, ζ]) = s(g)ζ. In fact, we have
where for checking of the second and third cases, one can use the decompositions
respectively. If q is even, the formula for ε is
We write these results into a lemma.
Moreover, the formula ofε is given by (2)).
3.
The Idempotents e K and E
K
In this section, we want to define two local idempotent Hecke operators e K and E K . They are essential in defining the plus space. We let F be a non-archimedean field. Set
Also, we put
If we define the Schwartz space S(2 Recall that there exists an genuine character ε of Γ given by ε(γ) −1 φ 0 = ω ψ (γ)φ 0 by Lemma 2.2. The Hecke algebra H = H( Γ\Mp 2 (F )/ Γ; ε) consits of compactly supported geniune functions ϕ on Mp ( F ) which satisfies ϕ(γ 1 gγ 2 ) = ε(γ 1 γ 2 )ϕ(g) for γ 1 , γ 2 ∈ Γ. The multiplicative operator in H is given by the convolution product
Here dh is the Haar measure on Mp 2 (F ) normalized so that the volume of Γ is 1. Sometimes we might drop the notation * for simplicity. Now by e K and E K we denote two Hecke operators by the following definition. One can easily check that they are actually in H. We let e be the order of 2 in F, that is, |2| = q −e . 
0 otherwise, and
For q even, the definition of E K implies that it is supported on
by the unitarity of ω ψ , we have 
We can get explicit values of e K and E K . The explicit values of e K was calculated by Hiraga and Ikeda in Lemma 3.5 of [5] . Note that the Haar measure is different from the one used in [5] .
Lemma 3.1. The following statements are true.
(
we have
Consequently, by the definition, we can get the explicit values of E K .
Lemma 3.2. We assume that q is even.
(1) For non-zero z ∈ o, we have
Now fix s ∈ C and set B to be the subgroup of SL 2 (F ) consisting of upper-triangular elements. We letĨ ψ (s) be the principal series representation of Mp 2 (F ) induced from the genuine character of B given by
and Mp 2 (F ) acts on it by right translation ρ. Note that any f ∈Ĩ ψ (s) is defined by its values on Γ 0 (1). Thus any Hecke operator ϕ ∈ H acts onĨ ψ (s) by
The next proposition given by Hiraga and Ikeda in [5] relates to the nature of the Kohnen plus space.
In particular, they are of one dimension.
The Hecke algebras
In this section we want to take a look at the structure of the Hecke algebras H( Γ\Mp 2 (F )/ Γ; ε) defined in the last section. Now we assume that q is odd and put
Furthermore, for the second case, we set
Lemma 4.1. The sets
form complete systems of the representatives for the double cosets in
Proof. This follows simply from an easy argument on the row-column reductions.
Lemma 4.2. We can decompose the double cosets into left cosets as following.
(1) For m ≥ 1 we have
(2) For m ≥ 0 we have
(3) For m ≥ 1 we have
(4) For m ≥ 1 we have
(5) For m ≥ 0 we have
Proof. All of these can be proved by applying the triangular decompositions.
Let T be the subgroup of diagonal matrices in SL 2 (o). If we consider the restriction of the character ε to T , then it can be extended to a character of the normalizer of T in Mp 2 (F ) by setting
for a ∈ F × and ε(w δ ) = 1. From these we also have ε(w δa ) = α ψ (δa). Now let us first consider the case of H( Γ 1 \Mp 2 (F )/ Γ 1 ; ε). Using this character given above, we can define the characteristic function X g of the double cosets
where g ∈ {m(̟ m ) | m ∈ Z ≥0 } and γ 1 , γ 2 ∈ Γ 1 . The next well-known result is very helpful for the calculations in this section.
The next proposition is well-known.
Proposition 4.1. We have
for m ≥ 2. In particular, the Hecke algebra
is generated by T 1 .
Proof. For any g ∈ Mp 2 (F ), by (1) of Lemma 4.2, we have
To determine T 1 * T m , we only have to check its values at g = m(̟ r ) for r ≥ 0.
We first treat the former summation.
If r = 0, we have
Similarly, if r > 0, we have
. From above we get that if m = 1, then the former summation may occur only if r = 0, 1 or 2 and in those cases, we have
by Lemma 2.1 or
respectively. Similarly, if m ≥ 2, then the former summation may occur only if r = m − 1, m or m + 1 and in those cases, we have
respectively. Secondly, we treat the latter summation, which is easier. We have
for any r ≥ 0 and s ∈ o. Thus the latter summation may occur only if r = m − 1 in which case we have
Concluding these results, we get
Now the fact that the Hecke algebra is generated by T 1 can be easily deduced by the induction.
Remind that if we set
to be the standard maximal open compact subgroup of PGL 2 (F ) and T m to be the characteristic function of 
given before the corollary also holds for the case q is even. Now we want to investigate the structure of H( Γ 2 \Mp 2 (F )/ Γ 2 ; ε). Similarly to the previous case, for any representative g in Γ 2 \Mp 2 (F )/ Γ 2 , we put X g to be the characteristic function of the double coset Γ 2 g Γ 2 by setting
and
for m ∈ Z. Note that | · | ∞ is the usual absolute value for the real number. To understand the structure of H( Γ 2 \Mp 2 (F )/ Γ 2 ; ε), we need the next well-known lemma.
Lemma 4.4. We have the following equations: Proposition 4.2. The Hecke algebra H( Γ 2 \Mp 2 (F ) Γ 2 ; ε) is generated by U 0 and U 1 with the relations:
(1) ( U 0 − q)( U 0 + 1) = 0 (2) U 2 1 = 1 Also, we can get the similar result for the case of PGL 2 . Let I be the Iwahori subgroup of PGL 2 (F ) which is given by
and T m and U m be the characteristic functions of
respectively. Then these characteristic functions satisfy the same relations stated in Lemma 4.4 and U 0 and U 1 generate the Hecke algebra H(I\PGL 2 (F )/I). Thus by Proposition 4, we get the following corollary.
Corollary 4.2. The Hecke algebras
The case that q is even is much more complicated. We just state the results we need in the later sections. Note that now K = Γ 0 (1) and Γ = Γ 0 (4).
Again, by the triangular decomposition, we have the following lemma.
Lemma 4.5. For q even and Γ = Γ 0 (4), we have
and ε(u ♭ (δc)) = 1 for c ∈ o. As in the previous cases, for any element g ∈ Mp 2 (F ) at which ε is defined, let X g be the characteristic function of Γ 0 (4)g Γ 0 (4) as (4.1). For m ∈ Z, put T m = q −|m|∞/2 X m(̟ m ) . By similar calculations as in the previous cases, we have the following lemma. 
The Hecke operators
In this section we want to take a look at how some of the Hecke operators in H( Γ\Mp 2 (F )/ Γ; ε) act on the "Γ-fixed" vectors in the principal seriesĨ ψ (s), especially for the case q is odd. We apply the notations used in the last section.
for any γ ∈ Γ. We denote the subspace ofĨ ψ (s) consisting of the Γ-fixed vectors byĨ ψ (s) Γ .
Now we assume that q is odd. By Iwasawa decomposition, any vector inĨ ψ (s) can be determined by its values on Γ 0 (1). Thus if Γ = Γ 1 , the spaceĨ ψ (s)
Γ is one-dimensional and is spanned by the particular function f 0 ∈Ĩ ψ (s) Γ , which satisfies
the spaceĨ ψ (s) Γ is two-dimensional and is spanned by the two particular functions f 1 and f 2 ∈Ĩ ψ (s) Γ which satisfy
respectively. It is obvious thatĨ ψ (s) Γ is left invariant under the action of any Hecke operator in H( Γ\Mp 2 (F )/ Γ; ε).
Note that for g ∈ Mp 2 (F ) at which X g is defined such that Γg Γ =
Using this equation we can complete most of the calculations in this section. First let us consider the case Γ = Γ 1 . Note that by Lemma 4.1, the Hecke algebra H( Γ\Mp 2 (F )/ Γ; ε) is generated by a single operator T 1 .
Lemma 5.1. For the case Γ = Γ 1 , we have
Proof. SinceĨ ψ (s) Γ is one-dimensional, we know that f 0 is an eigenvector of T 1 . Thus to get the eigenvalue, it suffices to calculate the value of T 1 at I. By (1) of Lemma 4.2, one has
For the first summand it is easy to get
On the other hand, for the second summand, note that
Hence
where for the second equation we have used the properties of Weil constants and Lemma 2.1. Applying the results for the two summands to the formula of ρ( T 1 )f 0 (I), one gets the the lemma.
Secondly, we have to consider the case Γ = Γ 2 . Now the Hecke algebra H( Γ\Mp 2 (F )/ Γ; ε) is generated by U 0 and U 1 . We want to investigate how both of the two generators act on f 1 and f 2 .
Lemma 5.2. For the case Γ = Γ 2 , we have
Proof. We only state the calculations for (5.1) and (5.2) for the case Γ = Γ 0 (̟) since the others are similar. Because ρ( U 0 )f i is also fixed by Γ, we only have to get its values at I and w δ . By Lemma 4.2 we have
Now for g = I, we have that
for any ξ ∈ o. On the other hand, for g = w δ , if ξ ∈ p, then
Using the decompositions above, we have
Similarly, we have ρ( U 0 )f 2 (I) = q and ρ( U 0 )f 2 (w δ ) = q − 1, from which we get (5.2).
The equations (5.3) and (5.4) can be gotten by similar calculations.
The archimedean case
If F = R and ψ(x) = e(x), the Weil constant α ψ (x) is given by
In this case, the real metaplectic group Mp 2 (R) is the unique nontrivial topological double covering of SL 2 (R). The unique factor of automorphyj on Mp 2 (R) × h satisfying
Automorphic forms on Mp 2 (A)
In this section, we let F be a totally real number field over Q with degree n. The notations o, d 1 and A = A F denote the ring of integers, the different and the adele ring of F, respectively. For simplicity, from now, if the local case with respect to some local place v of F is under consideration, we use the same notations given in Section 2 with a right lower subscript v. Also, we use a right lower subscript f or ∞ to indicate the finite component or infinite component, respectively. With respect to any non-archimedean place v we fix a uniformizer ̟ v ∈ o v .
We let ψ 1 = v ψ 1,v : A/F → be the unique non-trivial additive character of A which is trivial on F and satisfies that for any archimedean place v, the local component ψ 1,v is given by ψ 1,v (x) = e(x). So for any finite place v, the index of ψ 1,v , which we denote by 
Fix an n-tuple of non-negative integers
we realize a factor of automorphy on Γ ′ defined by
where ι i are the n real embeddings of F and z = (z 1 , . . . , z n ) ∈ h n . Then M k+1/2 (Γ ′ , ε) is the space of modular forms with the factor of automorphy J k+1/2 ε ′ and S k+1/2 (Γ ′ , ε) is the subspace of cusp forms in M k+1/2 (Γ ′ , ε). We want to lift a modular form h ∈ M k+1/2 (Γ ′ , ε ′ ) to an automorphic form Φ h on SL 2 (F )\Mp 2 (A). For g ∈ Mp 2 (A), by the strong approximation theorem, g can be written in the form g = γg ∞ g f where γ ∈ SL 2 (F ), g ∞ ∈ SL 2 (R) n and g f ∈ Γ ′ f . Now the value of Φ h at g is given by
where i = ( √ −1, . . . , √ −1) ∈ h n . Note that SL 2 (R) n acts on h n by the usual sence. One can easily see that the definition does not depend on the choice of γ.
We set
On the other hand, for any
where z ∈ h n and g ∞ ∈ SL 2 (R) n is chosen so that g
. Furthermore, using the notations above, we have
The similar result holds for the cusp case. We set
where (Γ 
is also denoted by ρ. The next lemma is well-known and can be gotten easily by using the definition and Fourier expansion. Lemma 7.1. If f is a modular form of weight k + 1/2 with Fourier expansion f (z) = ξ∈F c(ξ)q ξ , for any x f ∈ A f and totally positive a ∈ F × , we have
where
From now, let us fix an odd square-free integral ideal I. The con-
Hence if v is a finite place of F, we have
Similarly, we set Γ = Γ[d
We fix an square-free integer f such that
Here by saying f is square-free we mean that the principal ideal (f) generated by f is square-free. Then we set ψ to be the additive character of A given by ψ(x) = ψ 1 (fx). For any finite place v of F, the degree of ψ v is c 1,v + 1 if v|f or c 1,v otherwise. We let d = fd 1 . Thus for any finite place v, the maximal local ideal in F v on which ψ v is identical to 1 is d
Then by the definitions of K and Γ given above, we have
In particular, for v < ∞, we have that
By Lemma 2.2, for any finite place v of F, there exists a genuine character ε v : Γ v → C × given by ω ψv (γ)φ 0,v = ε v (γ) −1 φ 0,v . From this we get a genuine character ε = v<∞ ε v of Γ f . We want to consider the factor of automorphy J
. It is known that if I = o and f = 1, then J 1/2 is the usual factor of automorphy of weight 1/2. That is, it is the factor of automorphy j 1/2 on Γ 0 (4) × h n which satisfies
for γ ∈ Γ 0 (4) and z ∈ h m . Here θ is the usual theta series given by
If I = o and f satisfies sgn(N F/Q (f)) = 1, with the notations above, by the explicit formulas of ε v given in Section 2 and the properties of Weil constants, we have
where ( , ) v is the quadratic Hilbert symbol for the completion F v of F with respect to the place v. For simplicity, we put
Back to the case of weight k = (k 1 , . . . , k n ), the space of modular forms and cusp forms with respect to J k+1/2 f are denoted by M k+1/2 (Γ 0 (4I), χ f ) and S k+1/2 (Γ 0 (4I), χ f ), respectively.
For the case F = Q and weight k + 1/2, if I is the principal ideal generated by some square-free odd natural number N and f = (−1) k n for some positive divisor n of N, the space S k+1/2 (Γ 0 (4I), χ f ) coincides with the space S k+1/2 (N, n ) considered in [10] .
The plus space
We use the same notations as in Section 6. Now we want to define the plus spaces in M k+1/2 (Γ 0 (4I), χ f ) and S k+1/2 (Γ 0 (4I), χ f ). For any finite place v of F, let K v be the open compact congruence subgroup defined by (7.2) and the idempotent Hecke operator E K v be the ones defined by Definition 3.1. The global Hecke operator
In the same way E K also acts on the space of all modular forms of weight k + 1/2. If we put
Definition 8.1. We put
They are both called the Kohnen plus space.
We are going to see that this definition coincides with the one defined by Kohnen or Hiraga & Ikeda if F = Q or I = o, respectively. For any finite place v, fix one
Proof. The proof is very similar to the one for Proposition 13.4 in [5] .
where e K v is as in Definition 3.1 and w
, the above implies that the complex space V spanned by {ρ(γ)f 0 | γ ∈ K f } is a representation of K f isomorphic to Ω ψ . Here S(2 −1ô /ô) consists of Schwartz functions φ on 2 −1ô such that φ(x + y) = φ(x) for y ∈ô. By Chinese remainder theorem, if we denote the characteristic function of λ/2 +ô in S(2 −1ô /ô) by φ λ for any λ ∈ o/2o, then φ λ form a orthonormal basis for S(2 −1ô /ô). Noticing that Ω ψ (e K )φ 0 = φ 0 by Schur's lemma, there exists an intertwining map i : V → S(2 −1ô /ô) such that i(f 0 ) = φ 0 . Likewise, for λ ∈ o/2o, we set f λ ∈ V to be the functions such that i(f λ ) = φ λ . As w ′ 2δ , we put w
we also have
f λ , from which we get
where the last equation comes from the fact that ρ(m(2 v )) acts trivially on f for odd v and Lemma 7.1. Putd = δô. Now since
But if we write the the Fourier expansion of f λ in the form
then by Lemma 7.1 again, we get
By comparing this with (8.2), we see c λ (ξ) = 0 unless ψ(xλ 2 /4) = ψ 1 (xξ/4) = ψ(f −1 xξ/4) for all x ∈ fd −1 , that is, ξ ≡ fλ 2 mod 4o. One can easily check that this does not depend on the choice of λ mod 2o. Now by (8.1), we see that the ξ-th Fourier coefficient of f does not vanish only if there exists some λ ∈ o such that ξ ≡ fλ 2 mod 4o, which is what we aimed to show.
The inverse of this proposition is also true. We can apply the proof used for Proposition 7.2 in [14] .
Proof. We need to show that ρ(
Note that the summation does not depend on the choice of λ mod 2o. Also since f is odd, all f λ are distinct. By the assumption for f, we have
For any x ∈ fd −1 whered = δô, by Lemma 7.1, one easily see that
Since x → ψ(xλ 2 /4) form 2 n distinct characters in x ∈ fd −1 for λ ∈ o/2o, the above implies that f λ can be written as a linear combination of some ρ(u ♯ (x))f (z/4)'s, that is,
Now for λ ∈ o/2o and x ∈ fd −1 , we have
Remind that if γ ∈ Γ 0 (4I), then
where ε = v<∞ ε v is the genuine character of Γ f and ε v is the local character of Γ v given by
by Lemma 7.1 and Lemma 2.3. By Lemma 3.1 of [14] , we obtain that λ∈o/2o C · f λ forms a invariant irreducible subspace of V equivalent to Ω ψ under the intertwining map f λ → φ λ . (Although for the local case, Lemma 3.1 of [14] only treats the condition that I v = o v , here I is odd and if v is odd, that lemma tells us nothing since whose result is already included in the condition. Hence one can apply that lemma here without any problem.) Hence
by the definition of the Weil representation and Lemma 7.1. Now by the definition of E K , we see that ρ(
From Proposition 8.1 and 8.2, we have the following theorem, which is an analogue of Theorem 13.5 in [5] .
are the subspaces of M k+1/2 (Γ 0 (4I), χ f ) and S k+1/2 (Γ 0 (4I), χ f ), respectively, which consist of the forms whose ξ-th Fourier coefficient vanishes unless there exists some λ ∈ o such that ξ − fλ 2 ∈ 4o.
Although we have used an alternative way to define the plus spaces, it turns out if we consider the cases F = Q or I = o (in which case f is a unit such that N F/Q (f) = (−1) i k i ), the definition of the plus spaces coincide with the ones given by Kohnen or Hiraga & Ikeda in [10] or [5] , respectively.
Steinberg Representations
We use the same notations as in Section 2. Assume that F is nonarchimedean and q is odd. For s ∈ C, letĨ ψ (s) be the principal series representation of Mp 2 (F ) given in Section 3. It is known thatĨ ψ (s) is irreducible if q 2s = q ±1 . If q 2s = q, there exists a short exact sequence ′ is another non-trivial additive character of F, there exists some unit ξ ∈ F × such that ψ ′ (x) = ψ(ξx). The two Steinberg representations St ψ and St ψ ′ are equivalent if and only if ξ ∈ F × 2 . Since we have assumed that q is odd, this gives us that there are exactly two distinct Steinberg representations with respect to a non-trivial additive character of F . The following lemma tells that they can be described just in terms of the complex number s.
for any a ∈ F × . Denote the order of a by ord(a). We have to prove
By the property of the Weil constants, the left side is equal to (a, ξ).
Since ξ is not a square, the equation now follows from the non-degeneracy of the Hilbert symbol ( , ).
We denote the map fromĨ ψ (s) to ω + ψ in the short sequence above by S. If we take the dual of this short sequence, we get
Since q is odd, we can construct a splitting of Γ over Γ by the homomorphism
where ε is the restricted character on Γ of the one corresponding to ψ given in Lemma 2.2. We can consider Γ as a subgroup of Γ in this way thus also a subgroup of Mp 2 (F ). Now for any representation π of Mp 2 (F ), we denote the Γ-fixed subspace of π by π Γ . The functor π → π Γ is exact since Γ is compact. Thus if we apply it to the two sequence above, we get
By calculation, we can get that both ω + ψ Γ and ω + ψ Γ are the one-dimensional space spanned by φ 0 , the characteristic function of o. As stated in Section 5, the spaceĨ ψ (s) Γ is spanned by two unique functions f 1 and f 2 . Note that if we put P = B ∩ Γ 0 (1) and set Vol( Γ) = 1, then
and Vol( P w δ Γ) = Vol( P Γ) −1 q. We can define f
Γ in the similar manner with f 1 and f 2 . By taking the values on I and w δ , one gets
from which we get that
Lemma 9.2. We have
Now assume Γ = Γ 0 (ω). Fix a unit η ∈ o × and define the additive character ψ 1 of F by ψ(x) = ψ 1 (ηx). For f ∈Ĩ ψ (s) and 0 = ξ ∈ o, the Whittaker function of f and ξ is a function on Mp 2 (F ) given by
We are interested in the value of W f,ξ at I for ξ ∈ o × . In fact, because 
Now ifĨ ψ (s) =Ĩ ψ 1 (s 1 ) for some s 1 ∈ C, Lemma 9.1 implies that we can also write
New Forms
In this section we retain the notations given in Section 7. Note that the domain of the global character ε can be enlarged to the congruence subgroup Γ[d −1 , 4d] f . We denote this character also by ε.
Let v be a finite place of F . Given a representation (π, V) of Mp 2 (F v ), we say that π is unramified if there exists a non-zero vector v ∈ V such that
Such v is called an unramified vector. It is known that if π is irreducible and unramified, then it is contained in a principal seriesĨ ψv (s v ) for some s v ∈ C.
For a cusp form
generates a representation of Mp 2 (A f ) via the right translation ρ. We may simply call ρ the representation corresponding to f . If ρ is irreducible, then it has the form ρ = ⊗ v<∞ ρ v where ρ v is a local irreducible representation of Mp 2 (F v ). In that case, we call f a primitive form. Recall that 
Here we only need to take the certain Hecke operator T 1,v since the Γ v -fixed subspace of a principal seriesĨ ψv (s v ) is two-dimensional.
Note that the representation associating to any f ∈ S We set the following two spaces
By the proposition, we have
From now on we want to understand how the Hecke operators act on the new forms in B. Fix one f ∈ B with the representation ρ = v<∞ ρ v of Mp 2 (A f ). First, let v be an odd place which does not divides I. Since f is an unramified vector in ρ v and the unramified subspace in ρ v is onedimensional, we get that f is an eigenvector for any Hecke operators in the Hecke algebra H v . In particular, we have the following proposition.
Proposition 10.2. Assume that v does not divide 2I. Let T 1,v ∈ H v be the Hecke operator defined in Section 4. We have
Proof. We know that f ∈ ρ v is equivalent to some non-zero unramified vector f ′ inĨ ψv (s v ) up to multiplication of non-zero complex numbers under the actions of Mp 2 (F v ), thus the proposition follows from Lemma 5.1.
Secondly, let v be an odd place which divides I. Now the local representation ρ ψ is a Steinberg representation St ψ contained in a principal seriesĨ ψv (s v ) for some s v ∈ C such that q 2sv v = q v . In this case, as what we have seen in Section 9, the subspace of ρ v fixed by Γ v is onedimensional. Since the operator E K v projects any vector in ρ v into the Γ v -fixed subspace, the form f is also fixed by Γ v . Thus we get that f is an eigenvector for any Hecke operators in the Hecke algebra H v .
The following corollary is comparable with Prop. 4 of [10] . Again, we use the notations given in Section 4 with a subscript v for the Hecke operators. 
By Lemma 5.2, we have
and the above tells us that
Now if ρ v is non-twisted, then one of 
Proof. We may assume that f is a primitive form. If f = 0, then the theorem is trivial. So we may assume that f is non-zero. We must show that for any v dividing I the local representation ρ v generated by f is a Steinberg representation if and only if
Fix a place v which divides I. The representation ρ v is contained in a principal seriesĨ ψv (s v ) for some s v ∈ C.
In particular, f is corresponding to some f ′ ∈Ĩ ψv (s v ) which satis-
where f 1 and f 2 are the spanning vectors of the Γ v -fixed subspace of I ψv (s v ) given in Section 5. Now since T 1,v = U 0,v U 1,v , by Lemma 5.2, we have
By comparing the coefficients, we get that
Since f is non-zero, both c 1 and c 2 are non-zero. This implies that q
. Thus the representation of Mp 2 (F v ) generated by f ′ is a Steinberg representation.
Using a proof similar to the one of Proposition 10.2, one easily get the following. 
In particular, f
Proof. The lemma follows from the definition of f + v and Lemma 3.1.
) for c ∈ o v such that 0 < ord(c) < 2e v is odd follows from Lemma 3.6 of [5] .
Let B v be the Borel subgroup of SL 2 (F v ), which consists of all uppertriangular matrices. Then we can take
as a complete system of representatives of B v \Mp 2 (F v )/ Γ 0 (4) v by Iwasawa decomposition. For any g ∈ R, we let f + v,g ∈Ĩ ψv (s v ) be the one which is supported on Bg Γ 0 (4) v and satisfies
Proof. By Lemma 4.5, we have
Applying Lemma 3.1 and Lemma 10.1, one sees 
Application of Waldspurger's results
In the last section we want to consider the relation between the new forms in the plus space and certain modular forms of weight 2k. We want to apply Waldspurger's theory for Shimura correspondence. One can consult [4] for the knowlodge of Shimura correspondence of automorphic representations.
Given a primitive form f ∈ S +,NEW k+1/2 (Γ 0 (4N), χ f ) with the corresponding genuine irreducible representation ρ ′ = ⊗ v ρ Waldspurger's theorems imply that in such a lift we get exactly all the irreducible representations of PGL 2 (A) which has local components satisfying the above conditions. Also, if we put K 0 (I v ) ⊂ PGL 2 (F v ) to be the standard maximal compact subgroup if ∞ > v ∤ I or the Iwahori subgroup if v | I, then we know that any Hecke automorphic form in A CUSP 2k
(PGL 2 (F )\PGL 2 (A)/ v<∞ K 0 (I v )) which generates a Steinberg representation at any v | I must generate a global representation satisfying the same conditions. We call such an automorphic form in A (PGL 2 (F )\PGL 2 (A)/ v<∞ K 0 (I v )) which generates a Steinberg representation at any place dividing I.
